The supersymmetry of the non abelian chiral anomaly is exhibited, up to trivial terms, using descent equations and triangle formulas in the framework of N = 1 superspace geometry in four dimensions. B 912 (2016) Jean Giono, "L'homme qui plantait des arbres"
Jean Giono, "L'homme qui plantait des arbres"
Introduction
After the consistency conditions established by Wess and Zumino [1] and remarks concerning their cohomological nature by Biedenharn [2] , the algebraic description of chiral anomalies has been initiated by Becchi, Rouet and Stora [3] and reviewed and further developed in [4] [5] [6] , to cite a few among many other articles. The present work is based on the formulation of Mañes, Stora and Zumino [7] .
For the case of simple supersymmetry in four dimensions the analysis of Piguet, Sibold and Schweda [8] and of Piguet and Sibold [9] showed the uniqueness of the anomaly in supersymmetric Yang-Mills theory and the triviality in the sector of supersymmetry transformations.
At this time, Raymond Stora became interested in the subject, in particular in relation with investigations of Bonora, Pasti and Tonin [10] , giving rise to publication [11] . In that paper we suggested to establish explicitly the supersymmetry of the anomaly by using the algebraic description applied to the formulation of Yang-Mills theory in superspace geometry. It was Raymond who insisted to carry out this work and his ideas and insight were crucial to the results obtained.
In this hommage to our mentor and friend, we would like to outline the main general ideas used in this joint work, both from the point of view of superspace geometry and of algebraic methods.
In section 2, a concise description of supersymmetric Yang-Mills theory is presented. Section 3 reviews aspects of the algebraic formulation, in particular the descent equations and the triangle formula. Finally, in section 4, the chiral supersymmetric anomaly is discussed in this framework.
Yang-Mills gauge structure in superspace
Consider a gauge potential one form in superspace
subject to gauge transformation:
where X denotes an element of the gauge group, otherwise an unconstrained superfield. The covariant field strength F of A is a two form in superspace (or a super-form)
which transforms as
and satisfies Bianchi's identities 5) where the covariant derivative is defined as
We will also consider matter superfields and ¯ with gauge transformations
and corresponding covariant derivatives
Applying the covariant derivative once more entails
The matter superfields in simple four dimensional supersymmetry 1 are supposed to satisfy covariant chirality and antichirality conditions
Consistency with these conditions implies that
These constraint equations for Aα and A α are solved in terms of pre-gauge potentials U and V 12) whose gauge transformations should reproduce those of A α and Aα on the one hand but will also be subject to pre-gauge transformations and ¯ which leave A α and Aα invariant, i.e. 13) where and ¯ are chiral and antichiral superfields
Let us also mention that we impose the constraint
which implies a harmless covariant redefinition of the gauge potential A a . Now let us define new variables (ϕ, , ¯ ) related to (A, , ¯ ) as follows:
Observe that these redefinitions have the form of gauge transformations. The new fields (ϕ, , ¯ ) are subject to gauge transformations in terms of the superfield
As a consequence of previous definitions, the gauge potential ϕ = E A ϕ A is given by
where we defined
transforming as
The corresponding covariant field strength F (ϕ) is related to F (A) through
As a consequence of (2.20) Fβ a (ϕ) has a simple expression 2
F βa (ϕ) is however slightly more complicated. Along the same lines we introduce variables (φ, , ¯ ) related to (A, , ¯ ) by redefinitions involving, this time, the pre-gauge potential V , the counterparts of eq. (2.16) to eq. (2.24) read:
with gauge transformations
In turn φ = E Aφ A is expressed as
one defines similarly
and F βa (φ) has now a simple expression
whereas Fβ a has a complicated one. It should be noted that the relation between (ϕ, , ¯ ) and (φ, , ¯ ) is given by a field dependent redefinition in terms of a gauge transformation involv-
The gauge structure defined so far can be visualized through the diagram
Given the explicit construction, the Bianchi identities for F (A), F (ϕ), F (φ)
have the same form, they are summarized in
The BRS algebra in the basis (A, , ¯ ) is given as
It is obtained from the "russian formula" which claims
where one extends the couple (A, d) into the ghost direction defining Ã = A + c and d = d + s and then considers the relations at fixed ghost number. 3 In a similar way, the BRS transformations for the matter fields , ¯ can be derived from the corresponding "russian formula":
to be given as
The BRS algebra of the gauge field ϕ, the matter superfields , ¯ and the ghost field ω is obtained from that of A, , ¯ and c by the redefinitions in terms of U . More precisely, defining
reproduces eq. (2.16) at ghost number 0. At ghost number 1 we obtain
Using the horizontality condition for F (Ã), one obtains at ghost number 1 The contribution at ghost number 2 is given as
and the BRS transformations of and ¯ , defined in (2.17), are obtained from those of , ¯ and U through the horizontality conditions
In a completely analogous way, one derives the BRS differential algebra in the conjugate sector (φ, ω):
where D αω = 0. The relation between the two sets of fields (ϕ, ω) and (φ, ω) is obtained using
Algebraic description of chiral anomalies
The anomaly problem can be turned into a cohomological problem within the formalism of BRS algebra, with its two differentials d and s satisfying
They act on the fields A = dx m A m and the Faddeev-Popov ghost c = ic a λ a as
where the fields are treated as differential forms (with form degree added to their ghost number). 4 In this context, we define the integrated anomaly as
where G a (x) is the standard non abelian anomaly term [13] 
where the upper index counts the ghost number and the lower one refers to the spacetime form degree. Since the integrand is defined up to a total derivative, the consistency condition for Q 1
this equation is at the core of the calculations in the last section for obtaining the supersymmetric form of the anomaly. Let us note also that solutions for Q 1 4 are defined modulo terms like sW 0 4 + dW 1 3 , where the W 's are local functionals of the fields and derivatives. This means that there is no absolute expression for the anomaly, equivalent expressions may be more convenient in different situations.
Having shown the cohomological nature of the problem of anomalies, we describe below the algebraic apparatus used to treat it, as fully exposed in [7] .
Let J n (F, F, · · · , F ) be a gauge invariant symmetric polynomial of degree n in F (A), valued in the Lie algebra of the gauge group; if we consider 2 connections A 0 and A 1 , we have the Chern's formula 8) which says that the difference between two Chern classes is an exact form; Q 2n−1 forms are sometimes referred to as transgression forms. Defining the convex combination (still a connection)
we can write 4 The λ a 's span the basis of the Lie algebra of the gauge group under consideration.
where d t is the exterior derivative with respect to t and fulfills
The corresponding field strength F t = dA t + A t A t transforms covariantly and satisfies Bianchi's identities
Note that J n is a closed 2n-form and that Q 2n−1 is antisymmetric in its arguments and invariant under simultaneous gauge transformation of the 2 connections A 0 and A 1 . Chern's formula also holds if we extend our variables to the ghost dimension as done in section 2 • Set p = 1, the simplex T 1 = A 0 , A 1 is the segment with A 0 and A 1 as ends, its boundary is
. . . , F t ). (3.23)
The LHS is easily evaluated thanks to (3.21) and (3.10) to be
We end up with the "triangle formula" relating three Q 2n−1 :
where explicitly the integrand of the RHS of (3.23)
J n (d t A t , d t A t , F t , . . . , F t ). (3.26)
This is the technical equipment 5 needed to construct algebraically the supersymmetric version of the chiral anomaly in four dimensions, in which case we have n = 3.
More explicitly, let Ã 0 = 0 and Ã 1 =Ã, theñ
and
We remark that (3.28) tells that its LHS carries ghost number zero! So if we expand this relation into components with increasing ghost number -defining
-we obtain a full string of relations where we recognize in (3.31) the consistency equation obtained earlier in (3.7). Therefore looking for the anomaly requires to extract the Q 1 4 component of Q 5 . In the course of the calculation in the following section, we will have to take advantage of the gauge structure derived in section 2 to pass from one system of connection to another and to achieve this goal the key ingredient is the "triangle" formula, which reads for n = 3
(3.36)
In the next section, it will prove very useful to choose the following triplet of connections (A 0 = X −1 dX, A 1 = A, A 2 = 0) to describe the gauge variation of the Q 5 .
The supersymmetric non abelian anomaly
The analysis in the previous section applies to the supersymmetric case as well, in terms of the gauge potential A = E A A A and the ghost c. The presence of constraints for the matter superfields and the related Bianchi identities in superspace allowed to introduce ϕ, ω and φ, ω and the relations between φ, φ and Ã given in section 2 in terms of the prepotentials U, V and W = V U −1 , which have the form of gauge transformations. One can therefore establish relations between Q 5 (Ã, 0), Q 5 (φ, 0) and Q 5 (φ, 0) using the corresponding triangle formulas
where we used the notations
The quantities 4 are obtained from homotopy constructions (see section 3), for instance:
with
and similarly for (4.2) and (4.3). Expanding (4.1) in ghost number generates a string of equations with different ghost degrees, as for example
We are now prepared to construct the supersymmetric form of the non abelian anomaly [11, 14] . We start from the observation that the superspace equations still contain the consistency condition for the usual Adler-Bardeen anomaly. This can be seen as follows: Q 1 4 (A, c) is a four form in superspace namely
For practical purposes it is convenient to split the whole superspace form degree, in the present case p = 4 into a triplet k, l, m with p = k + l + m, counting respectively the vectorial (k), undotted spinorial (l) and dotted (m) ones. In the case at hand consider k = 4, l = m = 0, so that the selected coefficient of Q 1 4 carries only vector indices and reads
The superfield Q 1 400 satisfies the consistency conditions and its lowest component (θ =θ = 0) reproduces the expression of the Bardeen anomaly, which we know to be non trivial.
The strategy is now to express this superfield Q 1 400 in terms of spinorial derivatives, gauge variations and spacetime derivatives of other superfields so that we end up with an expression of the form
where precisely the ellipsis represent gauge variations and spacetime derivatives which can be ignored at the level of consistency conditions. Since D 2D2 amounts to superspace integration the superfield a(x, θ, θ ) is a supersymmetric solution to the consistency conditions. The construction of a will make use of the descent equations and a triangle equation of the form (4.8). For practical calculations, it is more convenient to express them in terms of ϕ and ω. This is easily done with the help of (4.8). In order to make the calculations more transparent, we shall, from now on, define
Next we write the descent equations at ghost number one and two explicitly as the coefficient of a superspace 5-form
Note that in rigid superspace the only non vanishing torsion component is where the sign ∼ means that we ignore gauge variations and spacetime derivatives as trivial terms. After this first step, we look after the equations which contain Q 1 301 and Q 1 310 as linear terms. Then, we proceed and after some algebra we obtain the following expression for the superfield Q 1 400
The superfields appearing here are explicitly defined in [11] . As a function of the superfield ϕ, Q 1 202 is chiral, so the first term on the RHS of the above equation has the required form. This happy fact is due to the choice of expressing everything in terms of the chiral variables ϕ, ω; the second term however does not enjoy this property. Had we chosen φ and ω as variables, the second term would have been the good one and the first term the bad one.
The remedy to this situation is to use the triangle equation (4.1) and switch to φ, ω as variables in the second term; there is however a price to pay since we introduce in this way non polynomial terms contained in the last term of eq. (4.5). Let us denote
then the analogue of (4.8) reads
Next we expand it to expose its components in superspace
in which we already ignore trivial terms. Some algebra is needed to identify the unpleasant terms of (4.17) and (4.20) and to obtain the relation
111 . (4.21) This is the result we were looking for, indeed we have found the solution of the consistency condition in the form anticipated in (4.11) and hence we have constructed the supersymmetric non abelian chiral anomaly.
As to the explicit expression of the coefficients, use the results of [ and is the coefficient of the 3-form 1 3 (φ, W ) with index structure k = l = m = 1, which is in turn the ghost number one piece of 4 The first term on the RHS of (4.27) is still polynomial, the non polynomial structure comes from the second term.
Conclusion
To summarize we have constructed algebraically the supersymmetric form of the non abelian chiral anomaly in supersymmetric Yang-Mills theory as a solution to the consistency conditions. The construction was based on the superspace version of the Chern's formula and of the triangle equation together with the geometrical description of super Yang-Mills theory. We have tried to outline the general ideas of the construction, which is rather simple, without going into the details of superspace book-keeping, which is straightforward, but complicated.
